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This article is concerned with the conjugate transient natural convection—conduction heat
transfer for finned packages in a cavity. The situation is commonly found in the cooling
of very large scalar integration (VLSI) electronic packages in a closed space. The present
study uses a numerical integration technique with a cubic spline to solve the conjugate
coupled nonlinear partial differential equations. Results are obtained for a range of values
of Prandtl and Rayleigh numbers and the fin and fluid thermal diffusivity ratio. The transient
and steady-state phenomena of the velocity and temperature field and average Nusselt

numbers on the hot surface, cold surface, and fin are presented.
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introduction

Conjugate convection and conduction problems for a vertical
plate fin have been analyzed by Sparrow and Acharya'! and
Huang and Chen.>® But these studies were restricted to
steady-state heat transfer and boundary-layer flow field. A
rectangular cell enclosed by vertical plate fins under isothermal
conditions is used in many engineering applications, as for
example, in the cooling of VLSI electronic packages in a closed
cavity or solar energy collectors for storing solar energy.
Apparently, no studies report the use of conjugate and con-
duction theory to analyze the case. In the present investigation,
attention is focused on the analysis of two-dimensional (2-D)
transient natural convection head transfer in a rectangular cell
enclosed by vertical plate fins and hot and cold surfaces, which
are horizontal and isothermal.

Because the temperature of the fin is unknown (it is affected
by the heat transfer coefficient), the heat transfer coefficient also
depends on the cavity flow. Hence it is necessary to solve the
conjugate convection and conduction problem, which can be
separated into two parts: (1) the conservation equations of
the laminar free convection 2-D Navier-Stokes equations flow
field; and (2) the energy equations of the fin. Owing to the
highly nonlinear nature of the problem, an exact solution is
not feasible. Therefore the spline alternating direction im-
plicit (SADI) method* is utilized to solve the nondimensional
equations.

The boundary condition at the fin-fluid interface must satisfy
the conjugate conditions (the energy fluxes flowing out of the
fin equals that flowing into the fluid and the temperature in the
surface of the fin equals that in the surface of the fluid). Thus
we assume that the plate fin is 2-D.

With regard to transient heat transfer, at each time step, the
assumed plate fin temperature distributions serve as boundary
conditions for the 2-D Navier-Stokes equations. The solutions
of the instantaneous temperature distributions of the fluid from
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the Navier—Stokes equations are resubstituted into the conjugate
conditions of the fin energy equation in search of the new fin
temperature distributions. These new temperature distributions
are then imposed as the surface boundary conditions for the
Navier-Stokes equations. The solutions are used to satisfy the
updated conjugate conditions until the maximum difference of
temperature between successive iterations <1074, Then, the
next time step solutions are calculated.

Numerical results are presented for the average Nusselt
number and fin temperature distribution, the average Nusselt
number for hot and cold surfaces, and the fluid field temperature
and velocity distributions.

Mathematical analysis
Governing equation

Consider a rectangular cell enclosed by vertical plate fins,
having hot and cold surfaces. The plate fin thickness is 26 and
its length is L. The cell width is L’. The coordinates normal
and parallel to the fin surface are designated x and y, respectively.
The coordinate system is shown in Figure 1. The following
assumptions are made to obtain the conservation equations.

(1) The Boussinesq approximation is used for the fluid.

(2) The fluid is Newtonian.

(3) The thermophysical properties, such as viscosity, thermal
conductivity, and thermal expansion coefficient, are constant.

(4) The flow is laminar, incompressible, and 2-D.

(5) The viscous dissipation effect is negligible.

The governing equations for fluid vorticity and stream
function are
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Figure 7 The cell x and y coordinates

where u and v are the x and y direction velocity components,
respectively; T is fluid temperature; ¢ is time; and the other
symbols are as given in the Notation.

The initial and boundary conditions are

t<0  u=v=0 T=T, for all x, y
t>0 u=p=0 T=T,(y, 1) for x=4,0<y<L
u=v=0 T=T,(y,t) for x=L'+4,,0<y<L
u=v=0 T=T, for y=0,6<x<L+4d
u=v=0 T=Ty+AT fory=L,6<x<L+é6
4)

where T,(y,t) is the wall temperature to be determined. The
no-slip condition is satisfied at the wall.
The plate fin equation is given by

oT_, <a2Tf+aZT,) 5
a0 \ox? 9y

where T; is the fin temperature and o« is the fin thermal
diffusivity. The associated initial and boundary conditions are

t<0 T=T, for all x, y
oT;
—= for all x=0,0<y<L
0x
T,=T, for all y=0,0<x<é ©)
Ti=To+AT forall y=L,0<x<d

Of particular interest is the thermal coupling between fin and
fluid. The basic coupling is expressed by the requirement that

Notation

g Gravitational acceleration
h Heat transfer coefficient

k Fluid heat conductivity

k¢ Fin heat conductivity

L Length of the plate fin

L Width of the cavity

L;;, M,; Splinesecond derivativein the y and x direction,

respectively

l,,m;;  Spline first derivative in the y and x direction,
respectively

Nu, Local Nusselt number of the fluid in the x

. .. hL
direction, =Z—

Nu, Average Nusselt number of the fluid in the x

’

direction, —’;c—

Nug, Local Nusselt number of the fin in the x direction,
hfo
ke .
Nu, Local Nusselt number of the fluid in the y
h,L
direction, Y
Nu, Average Nusselt number of the fluid in the y
h,L
direction, =~
Pr Prandtl number, Y

o

3
Ra Rayleigh number, M
t Time ve
At Time step
T Fluid temperature
T; Fin temperature
AT Overall temperature difference
u, v Velocity components in the x and y directions,
respectively
X,y Spatial coordinate normal to and along the plate

fin, respectively

Greek symbols
Thermal diffusivity of fluid
Thermal diffusivity of fin
Volumetric coefficient of thermal expansion
Half-thickness of the plate fin
Fluid density
Kinematic viscosity
Fictitious time
Fictitious time step
Stream function
Vorticity
uperscripts
Dimensionless parameter
Index of time step At
Index of fictitious time step At

& 2O ™R R
=

w3 *n

Subscripts

i,j Index of nodal points in the x and y direction,
respectively

w Condition at the wall

f Property of plate fin
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the temperature and heat flux are continuous at the fin—fluid
interface; that is,

Ty, y=Ty(y, )
_kféﬁ —-ki—T for t>0, x=9, x=L'+6, and 0<y<L
X

M

The conservation equations can be cast into dimensionless
form by introducing the length of the plate fin as the reference
length, appropriate stretched coordinates and normalized
velocities, temperature, vorticity, and stream function and
defined as:

2
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Equations 1-7 may be reduced to the following nondimensional
forms (for simplicity, we omitted the *):
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The corresponding initial and boundary conditions of the
fluid are

t<0 u=p=0 T=0 for all x, y

t>0 u=v=0 T=T,(y,t) for x=4,0<y<1
u=p=0 T=T,(y,t) for x=L'+4,0<y<1
u=v=0 T=0 for y=0,6<x<L+6
u=p=0 T=1 for y=1,0<x<L'+46

(13)

The corresponding initial and boundary conditions of the fin
are

t<0 T;=0 for all x, y
oT;
—f=0 forall x=0,0<y<1
0x
T;=0 for all y=0,0<x<d (14)
T;=1 forall y=1,0<x<d
The corresponding fin—fluid interface conditions are
Ty, )=T,(y,1)
T
—ka—§=—i— fort>0, x=4, x=L'+4, and 0<y<1
ox ox
(15)
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From Equations 9-15 it is evident that the important
parameters of the problem inctude the Prandtl (Pr) and Raléigh
(Ra) numbers and the ratio of fin and fluid thermal diffusivity
(x) and the thermal conductivity (k). The physical quantities
of interest include the local and average Nusselt numbers. These
values are then expressed in dimensionless form:

oT

N“f‘(.a“y)w 16)
T

Nu, = —<6_x)w (17)

Ni, = j (a_T_) ix 18)

L Jo \0y

_ L/oT

N, - — L (55) &y (19)

N = _(?3> (20)
dy

In this study we obtained Prandtl numbers of 0.711 and 7.0,
Rayleigh numbers of 8.317 x 10? and 8.317 x 10, and fin—fluid
thermal diffusivity ratios of 4.36223 and 436.223.

Numerical solution

The conjugate coupled nonlinear partial differential Equations
9-12, subjects to Equations 1315, were solved by a numerical
technique using cubic splines. The principal advantages of using
a cubic spline procedure are the following:

(1) The requirement of a uniform mesh is not necessary. For
a uniform mesh, however, the spline approximation is
fourth-order accurate for the first derivative but is only
third-order accurate for a nonuniform grid. The second
derivative is approximated to second order for the uniform
as well as the nonuniform grid.

(2) The value of first or second derivatives may be evaluated
directly, so boundary conditions containing derivatives may
be directly incorporated into the solution procedure.

(3) The governing matrix system obtained with the implicit
formulation is always tridiagonal, thus facilitating the
inversion procedure. The matrix system obtained may be
reduced to a scalar set of equations that either contain
values of the function itself, its first derivative, or its second
derivative at the node points while maintaining a tridiagonal
formulation.

For solving partial differential equations with two space
dimensions such that

ut=f(u9 Uyy Uys Usys uyy) (21)

an SADI formulation is utilized. The two-step procedure,
with quasi-linearization or some other iterative process used
for nonlinear terms, is

@ Step 1:

u:xj-l/Z u + f(un+1/2 n+1/2 Mn+1/2 :1]’ :l,j) (223)

® Step 2:

uf;-l n+l/2+ f(un+l/2

+l/2 Mn+1/2 ln+1 Ln+1X22b)

(5

where /; ; and L. ; are the spline approximations to (u,), ; and
(uyy)i, J» l'espectlvely.

Solutions are obtained by the iterative SADI procedure. The
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SADI system representing Equations 9-12 is given in two steps
for the stream function, vorticity, and energy equations. The
stream function is

At
gt l/2=l//;';l"+—2 [yt tsrtizy MYyt 1]
(23a)

Az
;lj’l.l“‘l =¢?'j+l.s+ 1/2+_2_ [(Ltj)n+l,s+1/2

MYy el (23b)

where Az is a fictitious time step and t=sAt. Solutions to
Equation 9 are obtained as the steady-state limit (r— ) of
Equations 23. The notation L;f,z and M{; denote the spline
approximation to 6>4/0y* and 924/0x?, respectively, with the
superscript ¢ implying that A=y . First derivatives ¥,=u and
¥.=—v are represented by I, and m¥;, respectively. The
vorticity equation is

At - -
w2 =w’,~“j+5 [—I‘,‘_’,(m??,)" +mY (et 12 4 Pr(Ly 12

67~ n+1
+Pr(MP) + RaPr(B—) ] (24a)
X

At - -
fj ' =wf? +7 [ —WymZy - my e 2 4 Pr(LE 12

nt1
+Pr(MP)y+ + RaPr(i—:) ] (24b)

The bar over superscript ¢ in the spline derivatives denotes an
average of values at time steps nand n + 1. Superscript w denotes
@ spline derivatives. The energy equation is

At - _
T} =Ty, + EY [_ B ml Y +m¥ (1T 12 4 (LT 4172

+(Mg,)~] (25a)

Al .
T3 =Ti 2 tof - Ny mi Y+ mf 12 4 (LT 12

+(MIy+t (25b)
4
The heat conduction equation is
At |
T =T+ —25 Ly 4 (M;Tj)"] (26a)
A
T?‘j}l = T?i;llz_i__zttf I:(LKT,_;)"+ 1/2+(M‘1:j)n+1] (26b)

In this study, we assumed that the steady-state condition
existed when the relative maximum change of variables u, v, T,
and T; at every node between two time steps was less than
107%; i.e., where ¢ represents u, v, T, and T;,

“¢’i‘.;l_ ?.j"mx
2T Honax

Results and discussion

<10~4

Numerical results were obtained for isothermal surfaces, with
cavity width L'*=0.2, plate fin half-thickness 6*=0.02, Pr of
0.711 and 7.0, Ra of 8.317 x 10? and 8.317 x 10°, and fin—fluid
thermal diffusivity («*) ratios of 4.36223 and 436.223.

Figure 2 shows the fin temperature distribution for Pr=0.711,
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Figure 2 The temperature of the fin with Pr=0.71 1, Ra=8.317
x10% o*=4.36223, and k*=8798.7
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Figure 3 The fluid at £=0.001: (a) temperature distribution; (b)
streamline; (c) velocity vector, with Pr=0.711, Ra=8.317 x 108,
a*=4.36223, and k*=8,798.7

Ra=8317x10°, a*=4.36223, and k*=8,798.7. At the be-
ginning, the fin is at initial temperature; then for ¢ >0, the two
ends of the fin are kept at hot and cold constant temper-
atures. The heat flux starts to flow into the fin, causing the fin
temperature distribution to increase gradually. At t=0.04 the
temperature reaches the cold end, and at ¢ = 0.8 the temperature
distribution approaches the steady state.

Temperature distribution, streamline, and velocity vector of
the fluid with the same parameters are shown in Figures 3-6.
The fluid in the cavity is driven by the hot surface. At the
beginning, the constant temperature lies are concentrated on
the hot-surface region and the streamline and velocity vector
form two small symmetrical vortices. Then thé constant temper-
ature lines slowly move to the cold-surface region, and the two
small vortices gradually become two large symmetrical vortices.
In the end, all the phenomena are approaching the steady state.

Figure 7 shows the average Nusselt number Nu, on the hot
and cold wall, with fin—fluid thermal diffusivity ratios {o*) of
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4.36223 and 436.223. The average Nusselt number increases
with decreasing a* on the hot wall and decreases with decreasing
a* on the cold wall. The average Nusselt number of fin Nu,,
on the hot and cold wall with the same «* has the same results
(Figure 8). o
Figures 9-12 indicate that the average Nusselt numbers Nu,
and Nu,, are less sensitive to Ra and Pr, and Nu increases with
decreasing Ra or increasing Pr on a hot wall and decreases
with decreasing Ra or increasing Pr on a cold wall. Figure 13
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Figure 4 The fluid at t=0.01: (a) temperature distribution; (b)
streamline; (c) velocity vector, with Pr=0.711, Ra=8.317x10°,
o*=4.36223, and k*=8,798.7

Figure 5 The fluid at t=0.1: (a) temperature distribution; (b)
streamline; (c) velocity vector, with Pr=0.711, Ra=8.317x 10,
a*=4.36223, and k*=8,798.7
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Figure 6 The fluid at t=0.8: (a) temperature distribution; (b)
streamline; (c) velocity vector, with Pr=0.711, Ra=8.317 x10%,
a*=4.36223, and k*=8,798.7
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Figure 7 The average Nusselt number Nu, on a hot and cold wall,

with a*=4.36223 and 436.223, Pr=0.711, Ra=8.317 x 10°, and
k*=8,798.7
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Figure 8 The average Nusselt number Nu, on a hot and cold wall,
with a*=4.36223 and 436.223, Pr=0.711, Ra=8.317 x 10% and
k*=8,798.7
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Figure 9 The average Nusselt number Nu, on a hot and cold wall,
withRa=8.317 x 10%and 8.317 x 105, Pr—O 711, a*=436.223, and
k*=8,798.7
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Figure 10 The average Nusselt number Nu,, on a hot and cold wall,
with Ra=8.317x10"and 8.317 x 10%, Pr=0.711, «* =436.223, and
=8,798.7
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Figure 711 The average Nusselt number Nu, on a hot and cold
wall, with Pr=0.711 and 7.0, Ra= 8317x10‘ a*=436.223, and
k*=8,798.7
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Figure 12 The average Nusselt number Nu, on a hot and cold
wall with Pr=0.711 and 7.0, Ra=8.317 x 10°, a*=436.223, and
=8,798.7

10.0 LU B N (N S TR B (N S B S BN B SO M St B (N S |
o 3
E case ;1; 3
o case (2 n
= case (3) B
50F case (4) 3
g ]
N, F E
r 3
0.0 E :
E p
E ]
-5.0 2 ]
E E
g 3
—-10.0 IR VA U5 N YW VI T VAN AN NN SAND VOR U0 W G SN NN TN O U T S NN
0.00 0.01 0.02 0.03 0.04 0.05

dimensionless tune

Figure 13 The average Nusselt number Nu, on a hot and cold
wall: (1) Pr=0.711, Ra=8.317x10%, a* = 436523 and k*=8,798.7;
(2) Pr=0.711, Ra=8.317x10°, 2*=436.223, and k*=8,798.7;
(3) Pr=7.0, Ra=8.317 x 10°%, «*=436.223, and k*=8,798.7; (4)
Pr=0.711, Ra=8.317 x 10°, «*=4.36223, and k*=8,798.7
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shows that Nu, is also less sensitive to Ra and Pr but varies References

L. A
with different a*. 1 Sparrow, E. M. and Acharya, S. A natural convection fin with a

solution determined nonmontonically varying heat transfer coefficient.
J. Heat Transfer, 1981, 103, 218-225
2 Huang, M. J. and Chen, C. K. Vertical circular fin with conjugated
Conclusions natural convection—conduction flow. J. Heat Transfer, 1985, 107(1),
242-245
3 Huang, M. J. and Chen, C. K. Conjugated mixed convection—
conduction heat transfer along a vertical circular fin. Int. J. Heat
and Mass Transfer, 1985, 28(3), 523-529

This article presents the transient natural phenomenon of 2-D
natural convection heat transfer in a rectangular cell with

vertical %ate ﬁ]ns. Fr(;:: the nlllmerlcal.r.esults, tze f;n(il Fhﬁt thg 4 Wang, P. and Kahawita, R. Numerical integration of partial
average Nusselt numbers are less sensitive to the Raleigh an differential equations using cubic splines. Int. J. Computer Math.,
Prandt] numbers than the fin—fluid thermal diffusivity ratio. © 1983, 13, 271-286

Int. J. Heat and Fluid Flow, Vol. 12, No. 1, March 1991 35



